Integrovanie pomocou substitucie

INTEGROVANIE POMOCOU SUBSTITUCIE

Substitu¢na metéda — princip

Substitucia predstavuje jednu z najucinnejSich metod analytického
aparatu integrovania. Existuje vel'a r6znych substiticii, ktoré sa daja
pri vypoctoch uzitocne pouzZit. Vyber z najdolezitejSich substitiicii
uvadzame v nasledujucich Castiach.

Hlavnou myslienkou substitucnej metody je vo vypocte ekviva-
lentne nahradit’ pévodny integral takym integralom, ktory sa l'ahSie
vypocita.

Princip spo¢iva v tom, Ze v integrali J‘ f (x)dx nahradime pomo-
cou jednoduchého priradenia X = gp(t) nezavisli premenni X novou
premennou t. To znamena, ze:

(X) =[o(t) [, =1dx=¢'(t)dt a f|e(t)].
Nasledne, _[ f (X)dx :_[ f [(p(t)].(p' (t)dt.
Niekedy je vyhodné pouZit’ substiticiu t =y (x).

Algoritmus vypoctu integralu I f (x)dx substitucnou metodou.

Krok 1. N4jdi pre svoju ulohu vhodnt substituciu.
Krok 2. V integrande nahrad’ premennu X premennou t a vyjadri
zo  substitutného vzorca dx. Zostav novy integral

[ flo(t)]e (t)dt.

Krok 3. Vypocitaj novy integral j f [(p(t)].(p' (t)dt.

Krok 4. Transformuj primitivnu funkciuF (t)na povodnu pre-
mennu X.

Prikazy v Maple.

>1z=1nt(fF,x);

>Int(f,x);

Prikaz pocita integral funkcie F podl'a premennej X;
>with(student) :changevar(x=t"2,1);
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Prikaz v integrali 1 nahradi premenna X premennou t pomocou
. W J4 2
substitu¢né¢ho vzorca X =t" .

Prikazom
>11:=value(%);

ur¢ime v programe Maple hodnotu posledného vystupu (integral).

Priklad. Vypocitajte integral

__I dx

2(x+1)Vx

Matematicke rieSenie.

Zavedieme substitaciu: \/; —t>0=x=t> = dx = 2tdt. Potom

|o=j 2t =j2¢ = arctgt + C = arctg/x + C.
2(t2 +1)t t*+1

Riesenie v Maple.
>S10:=int(L/(2*(X+1)*sgrt(x)),x);

10 :=arctg (\/;)

Podrobné riesenie v Maple.

1) do programu STUDENT zadame integral:
>with(student):
>10:=Int(L/(2*(X+1)*sgrt(x)),x);

L |
IO'_JZ(X+1)&dX

2) za premennti X dosadime t*:
>changevar(x=t"2,10);

2t
-“2(t2 +1)\/t_2dt

3) vypocitame integral:
>10:=value(%);
_ tarctan(t)

1, = =
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4) vratime sa ku premennej X:
>10:=subs(t=sqrt(x),10);

Iy = arctan(&)

Priklad. Vypocitajte integral

X
L= | —.
1 Xy x> —4

Matematicke riesenie.

. I 2 2
Zavedieme substitaciu: {X = ? = dx = _t_2 dt} Potom

Xy X2 — / _ 4 1-t?
2

| _I—(——jdt——— Lt
sl e 2J) J1-12

:—%amwﬂ+C:—lamﬁn%+C.
X

Podrobneé riesenie v Maple.

>restart: with(student):
>11:=Int(1/(X*sqrte(x"2-4)),x):
>changevar(x=2/t,11); 11l:=value(%);
>11:=subs(t=2/x,11);

1 (2
II::——amsm(—j.
2 X

Priklad. Vypocitajte integral

3XdX

|_—
? \V1-ge*
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Matematicke riesenie.

Po zavedeni substiticie { 1-e* =t> O} vieme vyjadrit’ primi-

tivnu funkciu. Z X = In(l—tz):> dx = l_zttz dt
. 3In[1-t2 2\
J ot -t 1—t

* 3 t5

) (1—t2)2 dt:—2[t—2%+gj+c -

__2.£\/§—§(M)3+;(M)SJ+C.

Podrobné riesenie v Maple.

>restart:with(student):
>12:=Int(exp(3*x)/sqgrt(1l-exp(x)),X);
>changevar (sqrt(1-exp(x))=t,12);
>12:=value(%);
>12:=subs(t=sqrt(1l-exp(x)),12);

12:=—21—¢¥ —%(l—ex)(su) +§(1—ex)(3/2).

Priklad, Vypocitajte integral

25iN X.COS X
|3= dX.
4
cos” x—1

Matematicke riesenie.

Zavedieme substituciu: {COS2 X = t}. Potom

dt = 2cos x.(—sinx)dx.

|, = —jtzdt — —arct gt +C = arctg (cos2 x)+C

Podrobne riesenie v Maple.
>restart:with(student):
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>13:=Int(2*sin(X)*cos(x)/(cos(xX)™M-1) ,X);
>changevar (cos(x)"2=t,13);

>13:=value(%);

>13:=subs(t=cos(x)"2,13);

13 := arctanh( cos(x)’).

Priklad. Vypocitajte integral
B sin/xdx
4 —%/;3 :
Matematické rieSenie.
Zavedieme substituciu: {i‘/; = t} . Potom x =t*,dx = 4t3dt =

: 3
I4=j§m%?lﬁ=4jsmuﬂ:—4uxt+C:

— 4cos¥x+C.

Podrobne riesenie v Maple.

>restart:with(student):
>S14:=Int(sin(x™N(1/74))/(x)™N(374) ,X);
>changevar(x™(1/74)=t,14); 14:=value(%);
>14:=subs(t=x"(1/4),14);

I4::r—4cos(x0/®).

Pri vypocte integralov typu:

3 = |;/|X+N dx.
J ax“ +bx+c

3, - Mx+ N dx
J Jax® +bx+c

vyuzivame vztah
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) b)Y (¢ b? o
ax“ +bx+c=|| x+— | +| ——— . Ako substituciu
2a a 4a’

potom volime X+£:t alebo X:t—L a dx=dt.
2a 2a

Priklad. Vypocitajte integral

I_J‘ 2X—2 i
> X2 —2x+2

Matematicke riesenie.
Zavedieme substituciu: {X 1= t Potom X> —2X+2=t>+1a

2(t+1
|5=I(:) d—jz dtIz—dt+1
t°+1 t°+1 t°+1

mh +q+C Inh —2x+4+c

Podrobne riesenie v Maple.
>restart:with(student):
>15:=Int((2*x-2)/ (xX"2-2*%x+2) ,X) ;
>changevar(x-1=t,15); 15:=value(%);
>15:=subs(t=x-1,15);

I5::In((x—l)2+1)
>simplify(15);

15:= In(x2 —2x+2).

Priklad. Vypocitajte integral

I'_I dx
6 X2 +4xX+8

Matematicke riesenie.
Zavedieme substituciu: {X +2= t} PotomX> + 4X+8=1t>+4 a

I6—I at :lamw 443_%amm(xgzj+c.

t?+4 2
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Podrobneé riesenie v Maple.
>restart:with(student):

>16:=Int(1/ (X2+4*x+8) ,X) ;
>changevar(x+2=t,16); 16:=value(%);
>16:=subs(t=x+2,16);

I6::larctan(lx+lj.
2 2

Priklad. Vypocitajte integral

3x-—1
I, = 2—dx.
X" +4x+5
Matematicke riesenie.

Zavedieme substituciu: {X +2= t} .Potom x> +4X+5=t>+1a

3t-7 t dt
I, = dt =3 dt -7 =
’ Jt2+1 jt2+1 jt2+1

3 1 )
= d(t“+1)-7arctgt =
2_[t2+1 ( ) |

=%H¢2+q—7ammt+C:

:%In‘x2 +4x+5‘—7arctg(x+2)+C.

Podrobneé riesenie v Maple.

>restart:with(student):
>17:=Int((3*X-1)/(X"2+4*x+5) ,X) ;
>simplify(changevar(x+2=t,17));
>17:=value(%);
>17:=simplify(subs(t=x+2,17));

17 ::%In(x2 +4x+5)—7arctg(x+2).
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Priklad, Vypocitajte integral

I 7 —8X dx
ST o2 S3x4l

Matematicke riesenie.

Zavedieme substituciu: {X ——= t} ) Potom

2x2—3x+1=2(t2—i)
16

|8=l 18 =g 8t2_1 dt =
2 tz_i 16t~ —1

16
Y — dt—8.4j 2Lt

J (4t)" -1 (4t)" -1

! 1 5
-2 d(4t)-32 dt? =

J(4t)* -1 4 jl6t2—1
=In‘j:_1 ~2Infi6t* ~1[+C =

+

=In[4t—1|-In[4t + 1| - 2In|4t —1| - 2In|4t + 1|+ C =
=—In|4t—1|-3In[4t+1|+C =
=—In|4x—4|-3In[4x-2|+C =
=—In4—In|x-1|-3In2-3In]2x-1|+C =
=-5In2—In|x-1|-3In[2x-1|+C =

Podrobné riesenie v Maple.

>restart:with(student):
>18:=Int((7-8*x)/(2*x"2-3*x+1) ,X);
>18:=simplify(changevar(x-374=t,18));
>18:=value(%);
>18:=simplify(subs(t=x-374,18));

18 :=-5In(2)-3In(2x—1)—-In(x-1).
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Priklad, Vypocitajte integral
2X—2 dx

| =
’ ij2—2x+2

Matematickeé rieSenie.
Zavedieme substituciu: {X —1= t} _Potom X* —2x+2=t>+1a

|9:J‘&d ~ —d(t +1)=

Ji2 41 H Ji2 11
=2Jt2 +1+C =2vx* -2x+2+C.

Podrobne riesenie v Maple.

>restart:with(student):
>19:=Int((2*x-2)/sqgrt(x"2-2*x+2) ,X) ;
>19:=simplify(changevar(x-1=t,19));
>19:=value(%);
>19:=simplify(subs(t=x-1,19));

19 :=24Xx> —2X +2

Priklad. Vypocitajte integral

J9+ 6x 3%
Matematicke riesenie.

Zavedieme substiticiu: {x—1=t}. Potom 9+6X—3xX> = 3(4—t2>

|_1J‘3t—2dt_3j‘ t dt_zJ‘ 1dt_
B e Bl e Ble
=_\/§J‘;d(4—t2)—iarcsin£+C:

2412 V3 2

= — (4—t2) —iarcsin%+c =

3

:—J9+6x—3x2——g—wtﬁn§§1+CL

NE]
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Podrobneé riesenie v Maple.

>restart:with(student):
>110:=Int((3*x-5)/sqrt(9+6*x-3*x"2),X) ;
>110:=simplify(changevar(x-1=t, 110));
>110:=value(%);

>110:=simplify(subs(t=x-1,110));
110:=—2 3amﬁn(£x—lj—J9+6x—$@.
3 2 2

Priklady na precvicenie

Vypocitajte pomocou substiticie:

2X
e
|11: 4x dX,
e 49

1 e2X
Vysledok: |, = garctg [Tj +C,

| _J' dx
12 — 5
%&(%/x_z—l)
Vysledok: |, :%In‘i/;—l‘+C

dx : L
I, = J‘—, pouzite substiticiu X = a(l—t),
V2ax — x?

— X
Vysledok: |; == arccos -2+ C
a
X
1
|14 — J‘eX4_|_1dX,
e —

2
Vysledok: I14:|n(ex—1) -x+C.

| _J‘ 4% +3 i
Py ox®rox+1

10
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Vysledok: ;5 =1In

2X—5
X“+4X+5

Vysledok: 1, = In‘x2 +4x+5‘—9arctg(x+2)+C

X+1
3X“+6X+2

Vysledok: 1, = %In

X+2
3X“+6X+2

Vysledok: Ilgzéln
X—1

l,g = | ——dx

v J‘Zx—3x2

Vysledok: |, = —%In

+arctg(2x+1)+C

X2+ X~
2

+C,

x2+2x+%
3

, 2| 1
X2 +2X +=|+——arctg (/3x+~/3 )+ C
31 3 of )

(IS O}

x—% +lln +C

L 2X—4 dx
20 — s
VX2 +3x+5

Vysledok: 1, =2vx* +3x+5—7In

x+%+\/x2+3x+5 +C

1, = 2X+3 dx.
VX* +3%X+5
Vysledok: 1, =vx* +3x+5+C

L 4X+2 dx
22 — ’
V2x2 —x+1

Vysledok: 1,, =2v2x* —=x+1 +%In

+C

\/Ex—g+\/2x2—x+l

11
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dx
|23 = > ,
N
Visledok: 1y, = |n‘><+2+m‘+c

Vypocitajte integraly:
 cos3/xdx
lyy = —7—>

J o Ux?

[ sin4xdx
J cos*2x+4°
" sin2xdx

|26'_ ’
Jeost x+1

e J2x-3

Q
p—
)
X
I
>
\S)

1) Vysvetlite princip substitu¢nej metddy.

2) Ukazte priklad na pouZzitie substitu¢nej metddy.

3) Vysvetlite ako sa pouzivaju nasledovné prikazy Maple:
with(student), changevar(x=t"2,11),

12
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simplify(changevar(x=t"2,11)),
111:=value(®),11l:=subs(t=sqrt(x),11),
11:=simplify(subs(t=sqrt(x),11)).

13



