Integrovanie metodou Per Partes

INTEGROVANIE PO CASTIACH -METODA PER PARTES

Priklady

Nech funkc1ef(x) g(X),f'(x),g'(X) s spojité na intervale
[a,b]. Potom

-\
jf(x)g'(x)dx:jf(x)dg(x):
= f(x)g(x)=[g(x) f*(x)dx
skratene
(1) judv =uv-— jvdu ,

kde u= f(x), dv=g'(x)dx su asti integrandu.

Vzorec (1) sa pouziva pri pocitani integralov typu:
[P (x)edx, [Py (x)sinkxdx, [P, (x)coskxdx,

kde P, (x) je polyném n-tého stupiia a k je konstanta. Pri vypocte
a) polyném P, (x) ozna¢ime ako premenni u, t.j. u = P, (x);
b) vzorec (1) aplikujeme n-krat.

IP x)Inxdx, IP arcsinxdx,an(x)arccosxdx,

jP arctgxdx IP arcctgxdx

kde P,(x) je polyném n-tého stupiia. Pri vypocte

a) u=f(x)=P,(x);

b) pouzijeme vzorec (1).

feax coshxdx, J.eax sinbxdx

kde a,b su I'ubovol'né konstanty. Vo vypocte
a) U=cosbx alebo u =sinbx;
b) vzorec (1) aplikujeme 2-krat.
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Prikazy v Maple.
Pri pocitani v Maple, sa da l'ahko po krokoch sledovat’ cely
postup vypoctu pomocou podprogramu
>with (student) :
a prikazov
>intparts(A,u));
kde A je integral
>A:=Int(f,x);
a funkcia u je definovana podl'a pravidiel 1) - 3).
Tiez je dobré pouzit’ prikaz simplify, ¢im sa zjednodusi
vysledok.

Priklad. Vypocitajte integral
l, = j(6x —3)sin2xdx.

Matematicke riesenie.

6X—3=U= du = 6dx

jsinzxdx - jdv:> V= —%coszx =

l, = j(6x—3)d (—10052xj =
— 2
u o J

v
:(6)(—3)(—10032)()— (_1C052de(6x—3):
2 o 2 —
u A v 4 \ ~ J u
v v

=(6x —3)(—%c032xj — —%cosszdx =

:—6X_3cos2x+%sin2x+c.

Riesenie v Maple.
>I[1] :=int ((6*x-3) *sin(2*x) ,x);
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l, = %sin(Zx) —3xc0s(2x) +%cos(2x)

Postup vypoctu v Maple.

>with (student) :
>A:=Int((6*x-3) *sin (2*x) ,x) ;

A::j(6x—3)sin(2x)dx
>J:=simplify (intparts (A, 6*x-3));

Ji=- ox -3 cos(2x)+3jcos(2x)dx =

Vypocet integralu J, = 3_[ cos(2x)dx vykondme zvy€ajnym
sposobom:
>J[1] :=int (3*cos (2*x) ,x) ;

J ::%sin(ZX)
Vysledok:
|, =- 6X2_3 cos(2x)+J, =
6X—3

=—— cos(2x)+%sin(2x)+c.

Priklad. Vypocitajte integral
|, = j(x +2)cosxdx.

Matematické rieSenie.
I, = I(x+2)d (sinx) :(x+2)sinx—jsin xd(x+2)=

:(x+2)sinx—jsinxdx =(x+2)sinx+cosx+C.

Postup vypoctu v Maple.

>with (student) :

>A:=Int ((x+2) *cos (x) ,x) ;
A= I(x +2)cos(x)dx
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>J:=simplify (intparts (A,x+2)) ;
J ::(x+2)sin(x)—fsin(x)dx
>J[1] :=int(sin(x) ,x) ;
J, :==—cos(x)
Vysledok:
I, =(x+2)sinx—J, =(x+2)sinx+cosx+C.
Riesenie v Maple (kontrola).
>A:=int ((x+2) *cos (x) ,x) ;

Priklad. Vypocitajte integral
= Ixz sin xdx

Matematicke riesenie.
u=x> = du = 2xdx

_ =
jdv:'[5|nxdx:>v:—cosx
I3:Iﬁsinxdx:jﬁd(—cosx):

oA Tu Ty

— X2 COSX + jcos xd (xz) = —x%COS X + Icos X.2xdX =

U=X=du=dx
jdv:jcosxdx:v:sinx =

1 :—xzcosx+2_|.35d(sinx):
HK_J

u
\'

= _x? cosx+2[xsinx—jsin xdx] -

— x> CosSX+2xsinX+2cosx+C.

Postup vypoctu v Maple.

>with (student) :

>A:=Int (x*2*sin(x) ,x):
>J:=simplify(intparts (A,x"2));
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Ji=—x* cos(x)+fcos(x)2xdx
>B:=2*Int (cos (x) *x,x) :
>J[1] :=simplify (intparts(B,x)) ;
J :2xsinx—2jsinxdx
>J[2] :=int (2*sin (x) ,x):
J, :=-2c0s(x)
Vysledok:
|, =—Xx*CoS X +2xsinx +2cosx + C

Priklad. Vypocitajte integral
l, = je‘zxco s xdX.

Matematicke riesenie.

U=e2*=du=-2e*dx
_ =
J.dv:_[cosxdx:w:smx

l, = je‘zx cos xdx = fe‘zx d(sinx)=
dv u v

— e 2Xsinx —jsin xd (e‘zx) —e *sinx+ 2jsin xe 2Xdx =
—_— ) — —
\Y u
U=e2*=du=-2e*dx

_ —
jdv:j5|nxdx:>v=—cosx

|, =e**sinx + zje‘zx d(—cosx)=
- %K_J

u
\'

—e Xsinx—2e2*cos X + chos xde X =\
—eXsinx—2e2*cos X — 4je‘2x sinxdx =

|, =e**sinx—2e**cosx —4l, =
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1, :%e‘zx(sinx—2cosx)+c.

Postup vypoctu v Maple.

>with (student) :

>A:=Int (exp (-2*x) *cos (x) ,x) :

>J:=simplify (intparts (A,exp(-2*x))) ;
J =gl sin(x)+ 2je(_2x) sin(x)dx

Potom
3 :=el™sin(x)+J,.

Vypocet J;:

>B:=2*Int (exp (-2*x) *sin (x) ,x) :

>J[1] :=simplify (intparts (B,exp(-2*x))) ;
J, = —2e(_2x)cos(x)—4fe(_2x) sin(x)dx

a teda
J=el sin(x)—2e(_zx)cos(x)—4J .
A nasleduje

J = %e(_zx) (sinx—2cosx)+C.

Riesenie v Maple (kontrola).

>J:=int (exp (-2*x) *cos (x) ,x) ;

Priklad. Vypocitajte integral
2
X
. = | ——dx.
’ I x* +a’

Pozndmka. Tento integral nazyvame aj “100 000, pretoze pren
100 000 Studentov neurobilo skusku z integrovania.




Integrovanie metodou Per Partes

Matematicke riesenie.

U=X=du=dx

x2+a2)

X 1 1
erat) 2 (x2+a2)dxz

X 1 X
+—arctg—+C.
2(x2+a2) 2a a

Postup vypoctu v Maple.
>with (student) :
>A:=Int (exp(-2*x) *cos (x) ,x) :

>J:=simplify (intparts (A,exp(-2*x)));
222

<J‘dV:J‘WdX:§J‘(—2d(X2+aZ)
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1) Vypocitajte:
I, = | arctgv/2x —1dx,
I, = [In(4x? +1)dx,

I, = | x*e*dx,

ly = | &> sin2xdx,
lo = Isinln Xdx.

Matematické rieSenie integrdlu 1.

arctgv2x-1=u=
1 2 1
du =

1+ /72x—1)2 1
Idx:jdv:v=x

|, = x.arctgv/2x—1 —J‘x-;dx =

dx| =

2X+/2x—1
dx
= Xarctgv2x—1- J— =
242x -1

= xarctg~/2x — —%\/2x —-1+C

RieSenie integrdalu 1, v Maple.

>I[6] :=int (arctan(sqgrt(2*x-1)) ,x);

I = %(Zx—l)arctg (\/Zx—l)—%\ux—l +%arctg (\/2x—1)
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RieSenia d’alSich integralov v Maple.
>I[7] :=int (1ln(4*x"2+1) ,x);
|, = xln(4x2 + 1) —2x +arctan(2x)
>I[8] :=int (x*2*exp (x) ,x) ;
| == x*e* —2xe* +2¢*
>I[9] :=int (exp (3*x) *sin (2*x) ,x) ;

SEINCH 3 g
ly == 3¢ cos(2x)+13e sin(2x)
>I[10] :=int(sin(1ln(x)) ,x);

Lo = —%cos(ln(x))x+%sin(ln(x))x

2) Vypocitajte:
l,, = [ x* sinxdx,

l,, = | xInxdx,
. 2
I, = [xe* dx,

1,5 = [€** (sin2x—cos2x)dx,

lg = 'x(arctgx)z dx,

" x.arctox
1, = | 2 gy

V1+x2

[ x*arctgx

J 1+x° dx,

" arcsin/x

J — X

1, = [ x*e’*sinxdx,

l,, =:In(x2 +2)dx,

l,, = [x*In(1+x)dx.
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Vypocitajte:
l,; = |arctg Jxdx,
1, = [e**cosxdx,

(1.2
[ Inx
Jd X

1) Vysvetlite princip integrovania metodou Per Partes.

2) Ako urcite funkciu u?

3) Vysvetlite, na ¢o sa pouzivajui nasledovné prikazy Maple:
with (student) :

A:=Int(f,x);
intparts(A,u)) ;
simplify



