Iteracné metody pre systémy linearnych rovnic
VSeobecna x=Hx+g

Jacobiho metdda

Gauss-Seidlova metdda

-1X; +4 Xy -1x4=2
+4 X1 -1Xp - X3 =1
-1x; +4X%x3-1%X4=0

11Xy -1X3+4X%X4=1

A={{-1,4,0, -1}, {4, -1, -1, 0}, {-1, 0, 4, -1}, {0, -1, -1, 4}};
% // MatrixForm

(-1 4 0 -1
4 -1 -1 0
-1 0 4 -1
o -1 -14 )

n = Length[A]

4

b={2,1,0, 1}; b// MatrixForm

/

rOoRrN

RIESENIE PRIAMOU METODOU cez LinearSolve :

xr = LinearSolve[A, b] // N
% // MatrixForm

(0.5, 0.75, 0.25, 0.5}

(0.5
0.75
0.25
0.5

RIESENIE POMOCOU ITERACNEJ SCHEMY: x=Hx +g

-X1 +4 X -X4=2 -5 Xy= 4 Xy -Xq-2
4%, - X - Xz =1 - Xp=4x - X3 -1
-X +4X3-%X4=0 > X3 = Xg -3X3 +%X4+0

~Xo -Xz+4X4=1 - Xgq= +X2 +Xz3-3X%Xg+1
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H={{0, 4,0, -1}, {4,0, -1, 0}, {1, 0, -3, 1}, {0, 1, 1, -3}}; H// MatrixForm

040 -1
4 0 -1 0
10 -31
o011 -3

g={-2, -1, 0, 1}; g // MatrixForm

-2
-1
0
1
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Veta. Tteratna schéma x*+1 = H x® + g konverguje prave vtedy, ked p(H)<l. p(Hy=max {| A; |}, i=1, ...

Clear[x]

x[0] = {0, 0, 0, O}

pit=20

Do[

x[k+1] =H .x[k] +g//N;

Print[k+1, ". iteracia: x=", x[k+1]], {k, 0, pit}]

{0, 0,0, 0}

20
iteracia: x={-2., -1.,0., 1.}
iteracia: x={-7., -9., -1., -3.}
iteracia: x={-35., -28., -7., 0.}
iteracia: x={-114., -134., -14_, -34.}
iteracia: x={-504., -443., -106., -45.}

iteracia: x={-1729., -1911., -231., -413.}

iteracia:
iteracia:

iteracia:

iteracia:

iteracia:

iteracia:

X={-7233., -6686., -1449_, -902.}
X={-25844., -27484., -3788., -5428.}
X={-104510., -99589., -19908., -14987.}

x={-383371., -398133., -59773., -74535.}

x={-1.518x10°, -1.47371x10°, -278587., -234300.}

x={-5.66055x10°, -5.79341x10°, -916538., -1.0494x10°}
iteracia: x={-2.21242x107, -2.17257x 10", -3.96033x 10°, -3.56175x10°}

iteracia: x={-8.33409x10’, -8.45366x 10", -1.3805x 10, -1.50007 x 10"}
iteracia: x={-3.23146x10°, -3.19559x10°, -5.69267 x 10", -5.33394x 10"}
iteracia: x={-1.2249x10°, -1.23566x10°, -2.05705x 10°, -2.16467 x 10°}
iteracia: x={-1.79835x10'%, -1.80804x 10", -3.04538x 10°, -3.14224x10°}
iteracia: x={-6.91793x10'’, -6.88888x 10", -1.19896x 10'°, -1.16991x 10°}

iteracia: x

-{-
-{-
-{-
-{-
-{-
iteracia: x={-4.72616x10°, -4.69387x10°, -8.24246x 10°, -7.91961x 10°}
-{-
-{-
={-2.63856x 10", ~2.64728x 10", -4.49095x 10'°, -4.57812x 10}
-{-

iteracia: x={-1.01313x10"%, -1.01051x 10", ~1.74909x 10", -1.72294x 10"}

Eigenvalues[H]
{-5.1+2v2, -3,1-2V2}

Eigenvalues[H] // N

{-5., 3.82843, -3., -1.82843}

n
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ro = Max[Abs[Eigenvalues[H]]]

5

= Jacobiho metéda a Gauss - Seidlova metéda
Vlastnost' 1.
Ak matica 4 je diagonalne ostro dominantna ( |a;; | > Z'}:l a;j, i # j), Jacobiho aj Gauss - Seidlova metoda konverguju.

Tieto metody niekedy konverguju aj ked’ tato podmienka nie je splnend. Je vSak nutné, aby prvky na hlavnej diagonale boli v absolttnej
hodnote vicsie ako ostatné prvky matice.

Viastnost' I1.

Ak matica 4 je symetricka ( 4 = A7) and positivne definitna (x”.4.x > 0, x # 0, Jacobiho aj Gauss - Seidlova metéda konverguj.

14 0 -1 4 -1 -10
4|4 110 | |14 0 1
|10 4 -1| |-10 4 -1

0o -1 -1 4 0o -1 -1 4

A={{4,-1, -1,0}, {-1, 4,0, -1}, {-1, 0, 4, -1}, {0, -1,

-1, 4}};

% // MatrixForm
b=1{1,2,0, 1};
% // MatrixForm

4 -1 -10
-14 0 -1
-1 0 4 -1
0 -1 -1 4

P ON R

Diag = DiagonalMatrix[{4, 4, 4, 4}]; Diag // MatrixForm

4 0 00

0
0
\0

o O b
o M O

0
0
4

M= {{0, 0,0, 0}, {-1, 0, O, O}, {-1, 0, 0, O}, {O, -1, -1, 0}}; M// MatrixForm

0O 0 o0 o
-1 0 0 O
-1 0 0 O
0O -1 -10

NH = {{O0, -1, -1, 0}, {0, 0, O, -1}, {0, O, O, -1}, {0, O, O, 0}}; NH // MatrixForm

0O -1-10
00 0 -1
00 0 -1

00 O O




A =M+Diag +NH

True
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Jacobiho metdéda
Cyklus cez matice
xk+1 = —D1 (M + N).xk+ D 'b
H=-D.M+N), g=D"lb
H = -Inverse[Diag]. (M +NH) ; H// MatrixForm

(0

O »p s O

O alp alp
sk O O pniw
sk O O psiw

Eigenvalues[H]

1 1
{—5,5,0.0}

g = Inverse[Diag] .b

1 1 1
{Z’ 50 Z}
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Clear[x]

x[0] = {0, 0, 0, 0};

it=20;

Do[

x[k+1] =H .x[k] +g;

Print[k+1, ". iteracia: x= ", x[k+1] //N], {k, 0, it}]

1. iteréacia: x= {0.25, 0.5, 0., 0.25}
2. iteréacia: x= {0.375, 0.625, 0.125, 0.375}

3. iteracia: x= {0.4375, 0.6875, 0.1875, 0.4375}

4. iterédcia: x= {0.46875, 0.71875, 0.21875, 0.46875}

5. iteracia: x= {0.484375, 0.734375, 0.234375, 0.484375)}

6. iteracia: x= {0.492188, 0.742188, 0.242188, 0.492188}

7. iteracia: x= {0.496094, 0.746094, 0.246094, 0.496094}

8. iteracia: x= {0.498047, 0.748047, 0.248047, 0.498047}

9. iteracia: x= {0.499023, 0.749023, 0.249023, 0.499023}

10. iteréacia: x= {0.499512, 0.749512, 0.249512, 0.499512}
11. iterédcia: x= {0.499756, 0.749756,

-249756, 0.499756}

12. iteracia: x= {0.499878, 0.749878, 0.249878, 0.499878}

13. iteracia: x= {0.499939, 0.749939, 0.249939,

0
0
0 -499939}
0

14. iteracia: x= {0.499969, 0.749969, 0.249969, 0.499969}

16. iteracia: x= {0.499992, 0.749992, 0.249992, 0.499992}

17. iteracia: x= {0.499996, 0.749996, 0.249996, 0.499996}

18. iteracia: x= {0.499998, 0.749998, 0.249998,

0
0
0
0

15. iteracia: x= {0.499985, 0.749985, 0.249985, 0.499985}
0
0
0.499998}
0.

0
0
0
0

19. iteracia: x= {0.499999, 0.749999, 0.249999, 0.499999}
20. iteréacia: x= {0.5, 0.75, 0.25, 0.5}

21. iteréacia: x= {0.5,0.75, 0.25, 0.5}

Najdite reziduum A.x - b pre 10-tu iteraciu x, and jej presnost’ (vzdialenost’ medzi x(10) a x(9)).
r=A.x[10] -b

1 1 1 1

{’ 1024° 1024 1024 1024}
nrJd = Sgrt[r.r]

1
512

nrJ // N
0.00195313
d=x[10] - x[9]

{ 1 1 1 1 }
2048 2048 2048° 2048




ndJ = Sqrt[d.d]
1
1024

ndJ // N

0.000488281
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Gauss-Seidel method
Cyklus cez matice x**' = —(M + D) "".N.xk + M+ D) .b
H=-M+D)"'.N, g=M+D)'b

H = -Inverse[M + Diag] .NH

11 101 1 101 1 101 1
HO’Z’Z’O}'{O’E’E’Z}'{O’E’E’Z}’{O’ﬁ’ﬁ’g}}

Eigenvalues[H]

{%, 0,0, 0}

g = Inverse[M + Diag] .b

1 9 1 13
o 16" 16 32
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Clear[x]

x[0] = {0, 0, 0, 0};

it=20;

Do[

x[k+1] =H .x[k] +g;

Print[k+1, ". iteracia: x=", x[k+1] //N], {k, 0, it}]

1. iteréacia: x={0.25, 0.5625, 0.0625, 0.40625}

2. iteracia: x={0.40625, 0.703125, 0.203125, 0.476563}
3. iteracia: x={0.476563, 0.738281, 0.238281, 0.494141}
4. iterédcia: x={0.494141, 0.74707, 0.24707, 0.498535}
5. iteracia: x={0.498535, 0.749268, 0.249268, 0.499634}
6. iteracia: x={0.499634, 0.749817, 0.249817, 0.499908}
7. iteracia: x={0.499908, 0.749954, 0.249954, 0.499977}
8. iteracia: x={0.499977, 0.749989, 0.249989, 0.499994}
9. iteracia: x={0.499994, 0.749997, 0.249997, 0.499999}
10. iteréacia: x={0.499999, 0.749999, 0.249999, 0.5}

11. iteracia: x={0.5, 0.75, 0.25, 0.5}

12. iteréacia: x={0.5, 0.75, 0.25, 0.5}

13. iteracia: x={0.5, 0.75, 0.25, 0.5}

14. iteracia: x={0.5, 0.75, 0.25, 0.5}

.25, 0.5}
16. iteracia: x={0.5,

.75, 0.25, 0.5}

0
0
0
15. iteréacia: x={0.5, 0.75,
0
17. iteracia: x={0.5, 0
18. iteracia: x={0.5, 0.75, 0.25, 0.5}
19. iteréacia: x={0.5, 0.75, 0.25, 0.5}

20. iteréacia: x={0.5, 0.75,

0
0
0
0
.75, 0.25, 0.5}
0
0
0.25, 0.5}
0

21. iteréacia: x={0.5, 0.75, 0.25, 0.5}

Najdite reziduum A.x - b pre 10-tu iteraciu x, and jej presnost’ (vzdialenost’ medzi x(10) a x(9)).
r=A.x[10] -b

{ 9 9 9 0}
2097152 8388608 8388608

nrGS = Sgrt[r.r]
27
4194304~/2
nrGS // N
4.55186x10°
d=x[10] - x[9]

{ 9 9 9 9 }
2097152 4194304 ° 4194304 8388608




ndGS = Sqrt[d.d]
45
8388608

ndGS // N

5.36442x10°

Porovnajte vypocitané vel'kosti rezuid A.x - b 10-tej iteracie pre obidve metody.

nrGS // N
4.55186x10°°

nrJ // N

0.00195313

4.55186 x 10°®

= Cyklus s vystupnou podmienkou: norma |[x**'-x¥|| < &

delta=10%-4;
Clear([x]
x[0] = {0, 0, 0, 0};
it=20;
Do[

x[k+1] =H .x[k] +g;

Print[k+1, ". iteracia: x=", x[k+1] //N];
d=x[k+1] -x[k];

If[Sqrt[d.d] < delta, Break[]],

{k, 0, it}]

Print["norma ||x*'-x¥||= ", sqrt[d.d] //N]

1. iteracia: x={0.25, 0.5625, 0.0625, 0.40625}

2. iteracia: x={0.40625, 0.703125, 0.203125, 0.476563}
3. iteracia: x-{0.476563, 0.738281, 0.238281, 0.494141}
4. iteracia: x={0.494141, 0.74707, 0.24707, 0.498535}
5. iteracia: x={0.498535, 0.749268, 0.249268, 0.499634}
6. iteracia: x=(0.499634, 0.749817, 0.249817, 0.499908)
7. iteracia: x={0.499908, 0.749954, 0.249954, 0.499977}
8. iteracia: x-{0.499977, 0.749989, 0.249989, 0.499994}

norma | |x*1-xK||= 0.0000858307
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= Cyklus s vystupnou podmienkou: norma rezidua ||A .x**1-b|| < &

delta=10"-4;
Clear([x]
x[0] = {0, 0, 0, 0};

it=20;
Do[

x[k+1] =H .x[k] +g;

Print[k+1, ". iteracia: x=", x[k+1] //N];
res=A.x[k+1] -b;

If[Sqrt[res.res] < delta, Break[]],

{k, 0,

it}]

Print["norma rezidua ||A xK*1_p||= ", sqrt[res.res] // N]

iterdcia:
iteracia:
iteracia:
iteracia:
iteracia:
iteréacia:
iteracia:

iteracia:

x={0.
x={0.
x={0.
x={0.
X={0.
x={0.
x={0.

x={0.

norma rezidua ||A

25, 0.5625, 0.0625, 0.40625}

40625, 0.703125, 0.203125, 0.476563}
476563, 0.738281, 0.238281, 0.494141}
494141, 0.74707, 0.24707, 0.498535}
498535, 0.749268, 0.249268, 0.499634}
499634, 0.749817, 0.249817, 0.499908}
499908, 0.749954, 0.249954, 0.499977}
499977, 0.749989, 0.249989, 0.499994}

.x*1_p||= 0.0000728298

= Cyklus s vystupnou podmienkou: norma rezidua ||A .x“*'-b|| < §

delta=10"-4;
Clear([x]
x[0] = {1, 2, 3, -4};

it=20;
Do[

x[k+1] =H .x[k] +g;

Print[k+1, ". iteracia: x=", x[k+1] //N];
res=A.x[k+1] -b;

If[Sqrt[res.res] < delta, Break[]],

{k, 0,

it}]

Print["norma rezidua ||A x¥*1_p||= ", sqrt[res.res] // N]

iterdcia: x={1.5, -0.125, -0.625, 0.0625}

iteracia:
iteracia:
iteracia:
iteracia:
iterdcia:
iteracia:
iteracia:

iteracia:

x={0.
x={0.
X={0.
X={0.

X={0.

.499573, 0.749786, 0.249786,
-499893, 0.749947, 0.249947,

-499973, 0.749987, 0.249987,

0625, 0.53125, 0.03125, 0.390625}
390625, 0.695313, 0.195313, 0.472656}
472656, 0.736328, 0.236328, 0.493164}
493164, 0.746582, 0.246582, 0.498291}
498291, 0.749146, 0.249146, 0.499573}
0.499893}
0.499973}
0

499993}

norma rezidua | |A .x*1-b||= 0.000084968






