
Rules of Differentiation, 
Derivatives of  Elementary Functions, Differential. 

 
 
Basic Rules of Differentiation. 
 
If functions ( )xf  and ( )xg  are differentiable on a set M, then functions ( )xfc ⋅ , ( ) ( )xgxf ± , 

( ) ( )xgxf ⋅  and ( )
( )xg
xf  (if ( ) Mxxg ∈∀≠ ,0 ) are differentiable on M as well, and: 
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These rules follow directly from the definition of derivative at a point. 
 
Derivative of a Composite Function (The Chain Rule). If a function ( )xϕ  has derivative at 
a point 0x  and a function ( )uf  has derivative at the point ( )00 xu ϕ= , then the composite 
function ( ) ( )( )xfxF ϕ=  has also derivative at the point 0x  and it holds: 

( ) ( ) ( )000 ''' xufxF ϕ⋅=  ,  ( )00 xu ϕ=    

Another form: ( )( ) ( )( ) ( )
'

' 'f x f x xϕ ϕ ϕ⎡ ⎤ = ⋅⎣ ⎦ ,  ( ) ux =ϕ   (on a set). 

 
Derivatives of Basic Elementary Functions. From the definition of derivative and the Rules 
of differentiation are derived following formulas: 
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Example 1. Differentiate functions: 21
ln:
x

xyf = , xyf x 3arccos2:2 ⋅= , 2
3 : 5 arctanf y x= ⋅ , 

( )xxyf sinln1:4 ⋅−=  
 
Logarithmic Differentiation  
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Example 2. Find derivatives: arctan
1 : xf y x= ,  ( ) xxyf ln

2 sin: = ,  ( ) x
xyf

3cos2
3 2: +=    

 
Derivatives of Higher Orders 
 
If a function ( )xf  is differentiable on a set M and if its derivative ( )xf '  has derivative at 
each point Mx∈ , then this derivative is called the second derivative of ( )xf  on M and it is 

denoted ( )xf '' , or 2

2

dx
fd .  

Analogously the third derivative is defined, and so on.   In general: 
If  for all points   x M∈  the function f(n-1)(x) (the derivative of (n-1)-th order) is differentiable 
then its derivative  is called  the n-th derivative , or derivative of n-th order of f: 
It means that  f(n)(x) = [f(n-1)(x)]’, for n=2,3,4,… 

Another notation of the n-th derivative is n

n

dx
fd . 

 

Example 3. Find ( )xf ''' , if 
x

arctgyf 1: =  and ( )( )xf 10 , if xeyf 5: =  . 

 

Example 4. Find the formula for the n-th derivative of 
x

yf 1: =    

 
Differential and Its Geometric Meaning 
 



Suppose a function ( )xf  is defined in ( )0xNε  and differentiable at 0x . The difference 

( ) ( )0f f x f x∆ = −  is called the increment of the function, corresponding to the increment of 

independent variable 0x x x∆ = − . The expression ( )( )0 0'f x x x−  is called the differential of 

( )xf  at 0x  and it is denoted ( )( )
0 0 0 0: 'x xdf df f x x x= −    

 
The differential 

0xdf  of a function ( )xf  at a point 0x  is equal to the increment of the y-

coordinate of the tangent line drawn to the ( )fG  at the point ( )0 0,x f x⎡ ⎤⎣ ⎦ . If the difference 

0x x−  approaches 0, then f df∆ = ,  thus ( ) ( ) ( )( )0 0 0'f x f x f x x x− = −    
 
For the function xyf =: , we have df dx x= = ∆ , that is why the differential at an arbitrary 
point is denoted : ( ) dxxfdf ⋅= ' .  
 
Example 5. Find the differential of : arctanf y x= , at 0 2x =  and its value at 3=x . 
 
Example 6. By means of differential calculate approximately 408 .  
 
Example 7. The radius of a circle is to be increased from the initial value of 0 10r =  by an 
amount 1.0=dr . Estimate the corresponding increase in the circle's area 2A rπ=  by 
calculating dA . Compare dA  with the true change A∆ . 
 
Example 8. An edge of a cube is measured as 6 in. with a possible error of 05.0±  in. The 
volume of the cube is to be calculated from this measurement. Estimate the error that would 
occur in the volume calculation. 
 
Example 9. Differentiate:  

xxxy x ln22 ⋅−⋅= − , ( )xxxy −⋅= 2
4log2arccos , ( )tan sin 3xy x x= ⋅  

 

Example 10. Write equation for the tangent line to the graph of 
x

xyf 34: += , parallel to the 

stright line 02311: =+− yxp   
 
Example 11. By means of differential calculate aproximately  the following values: 
arcsin 0.2,  tan 46o,  21.002, arctan 1.1.  
Compare calculated values with the values, found by means of calculator. 
 
 


